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Abstract—Distributed gradient descent is an optimization al-
gorithm that is used to solve a minimization problem distributed
over a network through minimizing local functions that sum up
to form the overall objective function. These local functions f;(.)
contribute to local gradients adding up incrementally to form
the overall gradient. Recently, the gradient coding paradigm
was introduced for networks with a centralized fusion center
to resolve the problem of straggler nodes. Through introducing
some kind of redundancy on each node, such coding schemes
are utilized to form new coded local functions g; from the
original local functions f;. In this work, we consider a distributed
network with a defined network topology and no fusion center. At
each node, linear combinations of the local coded gradients Vg;
can be constructed to form the overall gradient. Our iterative
method, referred to as Code-Based Distributed Gradient Descent
(CDGD), updates each node’s local estimate by applying an
adequate weighing scheme. This scheme adapts the coded local
gradient descent step along with local estimates from neighboring
nodes. We provide the convergence analysis for CDGD and we
analytically show that we enhance the convergence rate by a
scaling factor over conventional incremental methods without
any predefined tuning. Furthermore, we demonstrate through
numerical results significant performance and enhancements for
convergence rates.

Index Terms—decentralized optimization, gradient coding,
consensus, distributed networks

I. INTRODUCTION

PTIMIZATION in decentralized distributed systems has

played a significant role for solving various problems
such as distributed spectrum sensing in cognitive radio net-
works, distributed parameter estimation in wireless sensor
networks, source localization in cellular networks as well
as processing big-data in machine learning [5, 9]. The op-
timization problem is posed as a minimization program of
the sum of local objective functions. These functions add
up incrementally to form the total overall objective func-
tion to be minimized, that is f = Y ., f; [11, 13]. For
such minimization, different algorithms have been proposed
ranging from distributed gradient based methods to methods
using Lagrangians and dual variables throughout their variant
forms [1]. This optimization process can be carried out on
either centralized or decentralized networks. Moreover, these
methods have achieved sublinear convergence rates for convex
functions. When the convex functions are nonsmooth, the
sublinear convergence rate matches the centralized gradient
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method. More recent studies have used predefined tuning to
conventional incremental gradient methods to achieve linear
convergence rate [6]. Our method seeks such an improvement
by a scaling factor on the conventional methods convergence
rate through utilizing new local functions. That can also
be better improved if adequately enhanced by tuning. Ac-
cordingly, we present a decentralized algorithm for solving
optimization problems in static networks dependent upon the
specified connection topology and utilizing a gradient descent
approach. The nodes should have a number of connecting
neighbors that satisfy a corresponding gradient coding scheme
[7, 14, 17]. Consequently, this scheme is used to construct
a corresponding weighting structure along with coded local
functions, carrying some redundancy, that add up to form the
overall objective function. This structure is used in updating
the solution estimates per each node. Thus, each node updates
its estimates by adding all the weighted local estimates of
the neighboring nodes with its local gradient descent-direction
step. After exchanging their local estimates, the structure of
such updating ensures that all agents reach both consensus and
optimality.

The remainder of the paper is organized as follows. In
Section II we present the problem setup with the considered
model assumptions. In Section III, we formulate our proposed
algorithm CDGD with the needed background material. In
Section IV, we state our main fundamental theorem for the
validity of the algorithm convergence. In Section V we prove
the convergence of our algorithm. Afterwards, we find the
convergence rate in Section VI. We complement our work
in Section VII with simulation results. Finally, Section VIII
concludes our paper. In what follows, we reserve capital letters
e.g. A, B for matrices.Scalar variables and vectors are denoted
by lower case letters e.g x,y as it is understood from the
context. A row of matrix A is denoted by A; while the entry
of index (4, j) is denoted by [A];;. While matrix [A]}; /15,71
is the matrix block formed by varying row index from ¢ to
i and column index from j to j/, respectively. V f denotes
the gradient of f and A’ denotes the transpose of A, while
Lxn is reserved for the all 1’s vector or matrix of dimension
m x n. ||M|le = max; 37, [[M];;], the infinity norm of a
matrix M and | M||2,00 = maxi(zy:l[M]fj)% the norm of
the row with the maximum Euclidean norm in a matrix M.




II. PROBLEM SETUP

We consider a distributed convex optimization problem over
an undirected graph G = (V) that represents the network
topology, where V' is the set of vertices of cardinality |V| =n
and £ C V x V is the set of edges. The neighborhood of node
iis N; = {5 | (4,7) € £} U {i}. We aim on solving an
optimization problem in a distributed manner. That is,

min f(z) = Zfl(a?), (1)
i=1

zeRN

where f(z) is the global overall function to be minimized,
fi(x) are local functions related to the used partition, and m
is the number of partition subsets.

Instead of using uncoded local gradients of local functions
(that sum up incrementally to the overall objective function)
[2, 11, 13], we use coded local gradients dependent on the
network topology by borrowing the coded paradigm presented
in [17]. That is, instead of solving

min f(z) = Z fi(z) (2)
i=1

z€RN

where the number of partitions m is equal to the number of
nodes n, we divide the global function into the sum of [ local
functions g;(z) available at each node. In the first approach
(2) the coefficient of each function is set to unity so that each
node can incrementally add its local function share to form
the overall function. However, in our proposed coded gradient
approach (3), each node has a local function g;(z) which is
a combination of the original uncoded functions in such a
manner that a combination of these new coded local functions
forms the overall function. That is,

n l
min f(z) = Zfi(ﬂf) = ZAz‘jgj(m% )

RN
EAS i—1

where g;(z) is a combination of f;(x) according to the
coding scheme structure at each node (cf., III-B) and A is
the weighing combination matrix.

According to the nodes connection topology at each itera-
tion (here we assume a fixed topology), we apply an adequate
weighting to construct the estimate update at each node. Thus,
when examining scenarios of different network topologies,
each network is identified with a specific coding scheme. Each
of which is a coding scheme in [17], which is usually used
when some nodes are vulnerable to failures or delays known
as stragglers.

Assumption 1. We list the following assumptions essential for
the applicability of our algorithm.

(a) The network G is strongly connected [3, 18].

(b) The function f is convex and each coded function §; :
RY — R is convex for 1 <i<2n.

(c) The solution set of (3) and the optimal value exist.

z* € X* = {z|f(z) = min, f(z)},

£* = f(@*) = min f()

(d) The gradients V f;(x), where i € V are bounded over the
RY, i.e. there exists a constant F such that

IV fi(z)|| < F forall z € RN and all i € V (i.e,
G =Bz F

Remark 1. Where g; used in Assumption 1 (b) means the
coded local function g; for 1 < i < n available at node i and
—Gi—n for n+1 <1 < 2n available at node 1 —n. That is, g;
convex if the corresponding coefficients of node i used in Ay
are all positive and g; concave if the corresponding coefficients
of node i used in Ay are all negative and g; linear if some
of the corresponding coefficients of node i are positive and
the others are negative. (N.B. in our detailed to be published
work we use the more relaxed assumption of requiring only
the global function f to be convex.)

gi(@)]| <

III. MAIN ALGORITHM
A. Gradient Coding Scheme

We begin with an overview of gradient coding as introduced
in [17] since it is fundamental in forming the weighing matrix
used in our distributed algorithm.

Problems in networks arise when worker nodes become
stragglers (Li et al. [10], Ho et al. [8], Dean et al. [4]) i.e.
fail or get delayed significantly when computing or commu-
nicating their local information. Tandon et al. [17] discuss
one way to resolve this problem by replicating some data
across machines in a defined coding scheme. This scheme
is described on a centralized network where local workers
exchange their local gradients with the master node to solve
the global optimization problem. To that end, they propose a
deterministic construction based on a defined coding scheme
accompanied with an efficient decoder, which is used to
recover the full gradient update at iteration k£ from a fixed
number of local gradients from A(k) C {1,..,n} returning
machines with |[A(k)] > n — s, where s is the maximum
number of allowed stragglers. This coding scheme can be
used without any feedback and coordination for identifying
the straggler nodes. Particularly, A(k) contains all partition
subsets J; for i € {1,..,m} (i.e. U™,J; C partitions of
A(k)). Thus, the overall cost function, gradient respectively, of
the system can be determined from the set A(k). The coding
theoretic question is to design a code such that any n— s linear
combination of these individual linear combinations contains
the overall gradient of the function f = >, fi. A coding
scheme robust to any s stragglers corresponding to n nodes
and m data partitions can be identified by a system of linear
equation:

AB = 1)y, “)

where (Z) denotes the number of combinations of connected-

nodes/stragglers scenarios, A € R(:)*" and B € R7*m,
Without loss of generality, we assume the number of nodes n
equals to the number of partition subsets m in our algorithm.
The i*" row of B, B; is associated with node i. The support
of B;, supp(B;), corresponds to the local functions f;, (i.e the
corresponding local functions f; of partitions .J;), which node 4
has access to, and the entries B;; encode a linear combination
over the gradients that node ¢ transmits to the task master at
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the aggregation step. Let Vf 2 [V f1,..., Vfn,] € R™*VN bea
matrix with each row being the partial gradient corresponding
to the function f; of partition J;. Then, node ¢ transmits
Vg; & B;Vf while each row of A corresponds to a specific
failure/straggler scenario, (i.e. only for the maximum allowed
number of stragglers case). The support of A;, supp(A;),
corresponds to the scenario where the nodes in supp(A4;) are
connected. A and B can be computed using Algorithm 1 and
Algorithm 2 in [17], respectively.

The aforementioned outline is based on the particular coding
scheme introduced in [17], however there exist other schemes
with different coding structures [7, 14].

B. Forming the matrix Ay

The following steps in Algorithm 1 are used for identifying
the matrix Ay;; corresponding to the gradient coding scheme.

C. Code-based Distributed Gradient Descent (CDGD) over a
Network

As previously mentioned, for achieving convergence of our
algorithm to the optimal desired solution we need to consider
a matrix that carries as close as possible the features of
stochastic matrices. More specifically, we form a block matrix
O with each block of size 2n x 2n such that

Agit elanxon
0= D—elpxn O . 5
IQnX?n_Aﬁt ( 0 El)jslnxn ) ©
CDGD performs the following updating iterations at each

node ¢ for ¢ € {1,2,...,n}. Please note that I'; is the fixed
support of the row of Ay;, identified with node i:

af (k+1) = > [Agiddijai(k) + ey (k) — ax Vi (@] (k)

JET;
a; (k+1) = > [Apulijz;(k) + ey; (k) + axVgi(z; (k)
JEL;
yr(k+1) =2} (k) = D> [Apudijzi(k) + > [Dlijy; (k) — ey;t (k)
Jjer; JEN;
yi (k+1) =27 (k) = > [Agidigmi(k) + Y [Dlijy; (k) — ey; (k)
JET; JEN;

(O]

Each node 7 € V maintains four vectors: two estimates
zf (k), z; (k), and two surpluses y;" (k) and y; (k), all in RY,
where k is the discrete time iteration. We use x;(k) to mean
either x;r(k) and x;_ L(k)forl <j<nandn+1<j<2n,
respectively. At the k' iteration, node j sends its estimates
and surpluses to each of its neighbors, ¢ € J\/J such that each
estimate is weighted by [A;];; and each surplus is weighted
by [D];;. We can initialize our estimates z; (0) and z; (0)
randomly or set them initially to zero.

The CDGD algorithm can be summarized by the following
recursive equation:

4an
zi(k+1) = [Olijzj(k) — axVg,(zi(k)) for 1 <i<4n, (7)

j=1

Algorithm 1 Forming Ay;; and the Updating Matrix O

Input: The Static Network Graph G = (V)

1: Find n = |V|.

2: Finding Neighborhoods: Find N for all nodes .

3: Find s; = n — |NV|.

4: Choosing Coding Scheme: Choose a coding scheme [17]
with | 3] > s > max; s; where s is the allowed number
of stragglers.

5: Forming Rows of A': Match the sets of nonzeros in the
A matrix of [17] corresponding to node i. Identify each
column of A with a unique fixed node. That is:

6: fori=1 to ndo

7. forl=1 to (7) do

8

9

if supp(A;) C N, then

: A=A
10: end if
11:  end for
12: end for

13: Forming A" : Move the negative coefficient at column
1<j<nof A tobe the opp051te positive coefficient at
n+ j. That is, define A" = [A'0pxn]. If [AT)y; < 0 —
[A ]ZJ =0 and [A/ liG4n) = —[4 Jij-

14: Normalizing A" Normalize the rows of A" by their [y
norm.

"

15: Forming Ay Apyy = [ju . For 1 <i < n, row or

column ¢ of Ag;; correspond to node ¢. For n+1 < i < 2n,
row or column ¢ of Ag;; corresponds to node ¢ — n. The
2n x 2n matrix Ay is formed.

16: Identifying the local coded gradient Vg, at each node
s Local gradient Vg; corresponds to row ¢ of matrix B
of [17].

17: Forming adjacency matrix D: Form D, the Adjacency
Matrix of the network G, as a stochastic matrix, where

e eEN;
D];j = T ‘ " D) =
[Dij 0, otherwise 2i=a[Dliy

1,Vj
18: Choosing e: Choose perturbation e satisfying Theorem 1
19: Forming Matrix O according to Definition 2.

where
T(k), 1<i<n
&) — i—n (k) n+1<i<2n
zi(k) = on(k), n+1<i<3n
yiisn(k), 3n+1<i<4n

We take Vg;(z;(k)) to correspond to the coded gradients
relative to the first 2n variables identified with the estimates
x;. And Vg;(k) = 0 for 2n + 1 < ¢ < 4n corresponding to
the surplus variables y;. That is,

Vi1 (k)
Vai(a(k)) = 4 ~VIion(=(k)

Vgi(z] T k), 1<i<n

—Vgi— n(z (k), n+1<i<2n
2n+1<i<3n

, In+1<i<dn

ool
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The step-size ap > 0 and satisfies Z;O:o ap =
00, Y pe g @2 < oo. The scalar € is a small positive number
which is essential for the convergence of the algorithm and
satisfying the conditions of Theorem 1. The steps of CDGD
are summarized in Algorithm 2. We will prove in Section V
that all nodes reach consensus to the optimal solution.

Algorithm 2 The CDGD Algorithm

Input: Initialization: Initialize estimates z; (0), z; (0) and
surpluses y;"(0), y; (0) at each node i. Define Tolerance
value tol for halting the algorithm and set e;(0) = tol.
k=0.

1: while e;(k) > tol do {Halting is done at each node
independently with no coordination}

k=k+1

: At each node : Update Estimates using (7).

4:  Find error ¢;(k) = ||w;(k)—w;(k—1)|| where w; (k) =
[t () (Y sy (6,5 (k') for all 1< i < n

5: end while

Output: z; (k) for the corresponding k for each node

D. Conditions on the Network Topology

Definition 1. 6(G) is the minimum degree of the network
graph. The degree of a node deg(i) is equal to the number of
edges connected to node i. Hence, §(G) = min,; deg(i). Let
s; = n — |N;| be the number of nodes that are not connected
to i.

Condition 1. For the coding schemes presented in [17] we can
use a coding scheme with the allowed number of stragglers
s satisfying | 5] > s > max; s;. This means that 0(G) >
n — s — L. It is easy to check that 6(G) > | .

IV. MAIN FUNDAMENTAL THEOREM

A. Bounds on €, characteristics of O and convergence of the

algorithm:

[2n><2n
_I2n><2n '

Let us define matrices Q and F' as

Afit
Q B (

[2n><2n _Afit (
Then O = Q + €F.

02n><2n
D Onxn
Onxn D

and

02n X2n
02n X2n

=

And for a future reference, let us define

1

m(l— |Aa])™

€ =

(10)

where A\, is the fourth largest eigenvalue of matrix Q.

Lemma 1. The matrix Q) has spectral radius equal to 1 and
eigenvalue 1 is a semi-simple eigenvalue of multiplicity 3. That
is, eigenvalues 1 = |\1| = |A2| = |Ag| > |Aa| > ... > |Aanl-

Proof: We follow a similar analysis as [3] modified to fit
our case, that we refrain from mentioning it here due to the
limited space.

Theorem 1. Suppose that the graph G of the network is
strongly connected and O is the matrix defined in (5) with
the parameter € satisfying € € (0,€) where € is defined in
(10), with Ay the fourth largest eigenvalue of matrix O by
setting ¢ = 0. Then

(a) limg_,oo OF — P. Specifically, limy_,o, OF = lgnxlﬂ'/
and limy,_,o, O5 = 0, where O1 = [Olj1:2n)1:20) = Ayit and
Oz = [O][1:2n][2n+1:4n] = elanxon.

(b) For all i,j € V, [OF);; converge to P as k — oo at a
geometric rate. That is, ||[O%] — P|| < Ty* where 0 < v < 1
and T' > 0.

(c) € is a necessary and sufficient bound such that for every
€ < € we have (a) and (b) above.

Proof : We begin by subsequently proving the following
lemmas to get the above result.

Lemma 2. If the parameter ¢ € (0,€) with € defined in (10)
where A4 is the fourth largest eigenvalue of matrix Q, then
1> M), ..., [Aan(€)| > 0, the eigenvalues corresponding
to matrix O.

Proof: We follow a similar analysis as [3] modified to fit
our case, that we refrain from mentioning it here due to the
limited space.

Lemma 3. (a) The changes of the semi-simple eigenvalue
A1 = X = A3 = 1 of Q under a small perturbation eF

are d’\c}e(g) =0, %{fe) = —1and 0 > %6(6) > —2n2
respectively.
(b) Particularly, for € < € where € = m(l — [A\a])™ then

L~ (€)= Pa(e)] > [Aa(e)] > 0.

We omit the proof here as it uses the method provided in
Chapter 2 [15].

We refer the reader to Theorem 2.8 in [16] for its use in
the next lemma.

Lemma 4. [f ¢ < € where € defined in (10), the eigenvalues
corresponding to the dominant factor are Ai(e) = 1, Aa(€) =~
1, A\s(€) = 1 and the invariant subspace corresponding to the
first three dominant eigenvalues are almost the same.

Lemma 5. Assume that the network graph G is strongly
connected and O is the updating matrix of the algorithm
defined in (5). Then

(a) limy_0oO* — P.

(b) For all i,j €, [OF);; converge to P as k — oo at a
geometric rate. That is, ||[O%] — P|| < T*, where 0 < v < 1
and I > 0.

Proof : The algebraic and geometric multiplicities of
eigenvalue 1 of matrix O are equal to 3. Since Lemma states
that all eigenvalues have moduli less or equal to 1. Assume the
left and right eigenvectors of eigenvalue 1 are vy, v, v3 and

u1, Uz, ug respectively. And vy, vs, ..., Van and ug, us, ..., Ugp
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are the left and right eigenvectors of eigenvalues A4, A5, ..., A4y,
counted without multiplicity.
Then, O represented in Jordan Form decomposmon is
such that [OF — Pl = |[X0,, ,PJEO| <
DI 3||P||||J’“||||0 | < Iy" where I' < oo and v €

(0,1). And limy_00OF = limy, 0. Q* = P. O

Lemma 6. For 0 < ¢ < € where € is defined in (10), then
limp_y00 OF = limy_,o0 Q¥ = P. That is, € is a necessary
bound for limy,_, oo OF = limy_ o QF = P.

Proof : This follows from the contrapositive of Lemma
2. O

Lemma 7. For 0 < € < € < € where € is defined in (10), € is
a sufficient bound for limy_, oo OF = limy_oc QF = P.

Proof : This follows from Lemmas 1-5. O

Lemma 8. For 0 < € < € where € is defined in (10), then
limy_y0o OF = limg_,oo Q¥ = P. And € is a necessary and
sufficient bound for limy_, oo OF = limy_00 Q% = P.

Proof : This follows from Lemmas 6 and 7. O
That is, P = limy_,00 OF = limy_,oc QF. But

4n
P=lim OF = Jim Q° =P+ lm D RJQ:

i=4n—3

an

That is
limy 00 A%, 0
P = fit
("t R

But Ay is a row stochastic matrix, then limg_ s A’}it =
lonx 17rl which is of dimension 2n x 2n of rank 1 (repeated row
m) where 7 is the stationary state of matrix Ay;. This result
is needed in Lemma 10 and 12, that is [P];; = [P]y = m for
1 < j,q9 < 2n. Therefore, we have proved Theorem 1 which
is the main edifice for the validity of our algorithm. O

Therefore, by using Lemma 2 to Lemma 8 we prove
Theorem 1.

V. CONVERGENCE ANALYSIS
A. Auxiliary Variables Definitions
Using (7), we define 2;(k) = Z?"’I[O]lizi(k). Then

in 4an

2[(]{? + 1) = Z[O]h Z[ ljZ] — Qg Z llv!Jz Zl )
i=1 j=1
4n

=2 [0

where VAEE) — Ko dlk) ie Vi) —
> jer; Arit(t),,V95(2(k)) for 1 <1 < 2n. Thus,

- Vfi(z(k)),

llZ’L

4n
a(k+1) = [Oluzi(k) — ax Y Apiq,.; V352 (k)
=1 Jjery

(14)

Next, we define 2 (k) = 32" [P]ui2:(k). Then

gl(k + ].) =
4n
> [Pluzi(k) — oy, Z i Y Agit(i),aVa(2q(k))
i=1 qel’;
(15)
for 1 <1 < 2n by having P = limj_,o, OF and [Pl;; =0

forl1<i<2nand 2n+1<j<4n

Remark 2. We define Ayy;, ; to mean the entry of Ay in
the row corresponding to node i and column corresponding
to node j. Then we have Zjel"i Atit(i),,; Which makes it
an easier notation for the analysis of the proof. Although we
could have used [Afzt] s where j = jfor1<j <nand
j =j4+nforn+1< j < 2n to mean the same quantity.
Note that in Ay a node i corresponds to two rows: row 1

and row i + n.

B. Convergence Theorems

Theorem 2. Suppose that the graph G of the network is
strongly connected and O is the matrix defined in (5) with the
parameter ¢ satisfying € € (0,€) where € is defined in (10).
Then the algorithm defined by z;(k+1) = Z?Zl[O]ijzj(k) -
aVgi(k) converges to the optimal result and consensus over
all nodes. That is, for 1 < i,j < 2n, limy_, f(2:(k)) =

limy o f(25(k)) = f*.

Proof : We begin by subsequently proving the following
lemmas to get the above result.

Lemma 9. Let Assumption 1 holds, then the sequence z;(k)
for 1 < j < 2n, defined earlier follows

125 (k + 1) = z]|* < |12 (k) — z||?

4an

+ 20 > _[P]
=1
4n

+ 4ak Z[P

i=1

it O WA ie(iyn,aVIa(za (R (k) —

q€el;

zj (Rl

144 Z GAfit(iyn,qllzi (k) — zq(B)l
qeTl;

— 20 Z ji 2 (Afie(iy,.qFalz5 () —

(16)

Afit(i)n,q9a())

q€eT;
+ o Z[Pbi > Agit(iyn,qVa(za (k)|
i=1 q€r;

We omit the proof here due to the space limits.

Lemma 10. Let Assumption 1 holds. Then z;(k) and z;(k)
satisfy the following bounds:
For1<j<2nand k>1

|I<lezz
k-1

+4n Z Iy " ar_1]| Afit(iynll2,.00G
r=1
k—1
+2 Z ar—1]|Pll2,00 [ Agit(iynll2,00G
r=1

+ ar—1||Pl|2,00 | Afit(iynll2,00G + a1 G

HZ] —zj(k HF'Y

17)
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Proof : We have
4n

zi(k) =) _[O"

Jj=1

4n

B »cs

r=1j=1

Jij (0
(18)
Then by using (7) and (15) successively we get

150 — [O*101

125 (k) — 25 (k

<l Z 21(0)([P

k—1 4n

D D P = O allllar—1 D Apiey,g Vai(zi(r = 1))

r=11=1 qeT,
k—1 4n

+ D MPLilller—1 > Agiqy,,q(Va(zq(r = 1))

r=11=1 €T,
4n
Far—1D [Pl D Apityn.qVa(za(k = D)l + ak—1]Vg; (2 (k —

=1 g€

19

since [P];; — [O%];; < T* (see Theorem 1 (b)) and using
the bounds on [|Aitll2 . | Blloc, V3]
doubly stochastic so || P||sc = 1) and 2;(0) the result follows.
O

Lemma 11. Let Assumption 1 holds. Then for 1 < j < 2n
we have >~ o agl|z; (k) — z; (k)| < oc.

Proof : Using (19) from Lemma 10 and multiplying each
term by o, and summing the terms over k from 0 to oo, then
using the bounds below we have

1

K 1 K L1
kZ:OOzk’Y ikz_oa ‘|"Y kz::§ 5 72

since Yo a2 <ooand 0 <y <1. Slmﬂarly,

< 0

K k-1 K
> D anar17* < 3 Z SR
k=0r=1 r=1
1 & 1«
+§ZO‘3—1 > Vkﬁfzai
=1 k=r+1 7 k=0
Thus,
oo k—1 1 K
DD koot < T > ai <o
k=0 r=1 k=0
Same for SR S a2k < oo and

Zk 0 ZT 1 oko—1 < oo and [z(0)|| bounded. (By
initialization in a bounded space.)

Also P, A and B are fixed thus || P||2,c0, | Bl|ccand||Al|2,00
are bounded. More precisely ||P|loc = 1 (doubly stochastic
matrix) and ||Afi¢(iyn/loc = 1 (row normalized matrix). Thus
the proof follows. O

Lemma 12. Let Assumption 1 holds. Then
(a) For 1 < j,q < 2n we have

> arllzi(k)
k=0

— z4(k)| < 00, and (20)

"ijor-1Vgi(zi(r — 1))

= Vai(z(r— 1))

(b)

Jim [|z5 (k) — 2, (k)[| = 0 2D

That is limy_, o 2;(k) = limy_o0 24(k) for all j and q (i.e.
1<j,g<2n)
Proof : For (a),

oo oo 4n
D akllzi(k) = zg(B)II < D ar Y IO*]j — [Plllllz(0)]]
k=0

k=0 =1
o 4an
+ > ar Y lIPLi = [Plalllz(0)]]
k=0 =1
oo 4n
+>ar )y 0"a — [Plalllz(0)]
k=0 =1
oo k—1 4n
| +Z%ZZII 0" "1 = [Pljillar -1l Vau(zi(r — 1))
r=11=1
[eS) k—1 4n
3w 3 3Pl = Plalar-1 9 = )]
r=11=1
k—1 4n
3 3 SO IOF [Pl V3 (ol — 1))
k=0 r=11=1
+ > akag-1][Vg;(zi(k — 1)) = Vg (zq(k — 1))
k=0

(22)

But [P];; = [Plg for 1 < j,¢g <2nand 1 <[ < 2n. (see
Theorem 1 (a))
Then, the above becomes

D akllzi(k) = zg(k)| <2 Z o, ZFW llz: ()]
k=0 k=0 i=1

k—1 4n

+2 Z ak D> Y e[ Va(a(r = 1) @3)
r=11=1

+ Z agag_1]Vg;(zj(k — 1)) — Vgq(zq(k — 1))||.

k=0

Similarly using bounds as in the proof of Lemma 11 we get

> anlz(k)
k=0

Thus (a) follows.
For (b), using a modified expression of (22) without the
summation over «y, and having,

ar — 0 and v* — 0 as k — oo and | Vg;(k)|| < G then,

— 2, (R < . 24)

zq(K)|| — 0. (25)

i z;(k) —
Thus, (b) follows. O]

Remark 3. The use of Theorem 1 (a) in Lemma 12 parts
(a) and (b) restricts j, g to be 1 < j,q < 2n for the results to
follow.

Lemma 13. Let Assumption 1 holds. Then
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2 Zak Z Z (Atit(iyn,q9q(2i (K)) = Atit(iy,,q9q(®)) <
i=1 q€el’;
[12(0) — $||2
Z 20, Z Plji > N Afit(i)n,qVa(za )25 (k) — 25 (k)|
1= qel’;

4n
+4Z%Z
i=

[e) 4n

Do akll D [Plii Y Afit(iyn.aValza (k)
k=0

i=1 q€l;

1t D GAfi(iyn.qllzi (k) — z(R)]|
qel;

(26)

Proof : Using Lemma 9 and summing from k£ = 0 to oo
the result follows. O

Lemma 14. From Lemmas 11, 12(a), 12(b) and 13 and As-
sumption 1(d), we have for 1 < i,j < 2n, limg_, f(2;(k)) =
limy o0 f(z;(k)) = f*.

Proof : Take x = z* the optimal value, in Lemma 13.
Inspecting the RHS of the inequality of (26), we have:
z;(0) — z*||> < oo as the initial estimate and the
solution are fixed (Bounded space). And since from
Lemma 11 we have > .o, aullz(k) — Zj(k)| < oo
for the involved estimates 1 < ¢ < 2n. And
Yoreoakllzi(k) — z4(k)|| < oo from Lemma 12(a).
And the fourth term of (26) bounded by Assumption 1(d)
and the fixed P and A fqt Then we get that the LHS is finite,
that is 23,7, O‘kz 1[Plii 2oger, (Afit(iyn,ada(zi (k) —
Afit(z‘)n,qéq(x*)) < oo.

But from Lemma 12(b) we have z;(k) = z4(k)
for 1 < j,¢ < 2n and we have f(z;(k)) =
Syer Apisiaa5 (k). Similatty. [

ger; Agit(i),,q9q(x*). But for k> 0, we have
f(z(k)) = f(z*) > 0 and Y ;- ,ar = oo and from what
preceeded 25°2% aie S (Pl F(2(K)) — Fa™)) < oo
then we get limy_,o inf(f(2;(k)) — f(z*)) = 0. Thus,
limys o0 f(2; (k) = f*. O

VI. RATE OF CONVERGENCE
After elaborating more on Lemma 9 and knowing that

o 0 fmin — f(2%) < S gon(f(zi(k) — f(z)).

where frin = mino<ip<r f(zi(k)), we get the following :

. A, B. K o2
Jmin — f(2") £ =% %k—o E 27)
Zk:o Qg Zk:o Qg
where
A= = (st (3(0), A7) =~ distP(5(k), &)
" 2||Pl2,00 ’ 2| Pll2,00 ’

5 || Asitll2.00T || Bll2,00 VI F <~
_ k) £ 0
+3 - }l:1:|\Zz( )|

(28)

and

7 10
= 5I\Afz't\lz,ooI\Bllg,ooﬂFz(HPHz,oollHAfnllz,oo +)
4| Apitllz oo | I on P —— ([ A itz + 4)
fitl]2,00 2,00 1—~ fitl||2,00 (29)
4n
+ 3]\ Agitllz,c0 | Bllz,cov/nFT Y [120(0)
=1
where we used G = /n||Bl2,oF. For ay = —= then the

convergence rate is a scaled coefficient adequate to the coding
scheme/network topology of rate O( 1’“k)

Therefore, the convergence rate of this algorithm is a scaled
version of the convergence rate of the distributed gradient de-
scent (DGD) presented in [12, 18] (for directed and undirected
graphs) with a scaling factor depending on the considered
adapted gradient coding scheme. Thus, we can perfectly adjust
this scaling factor according to a desired coding scheme so
that the algorithm is tuned to perform better than DGD by
that factor yet still under O(%) ff)r ap = ﬁ

However, from the norm inequality

IM]lr < VnllM|l2,00 (30)

we have the minimum of | M ||, attained when M = %ll 1
— IMlr _ 2
where ||M||r =1 and | M||2,00 \/EF ==

But Ay, and P are stochastlc matrices (particularly row
normalized). The first relative to n and the latter relative to 2n
although the sizes are 2n x 2n and 4n x 4n respectively.(i.e.,
P involved is for 1 < ¢ < 2n rows and the corresponding
nonzero columns are 1 < j < 2n). Therefore,

L <l Airlloe < 1 and — < [Plase < L.

Thus the scaling in (28) and (29) can be adjusted to be less
than one. Hence, a better convergence rate than DGD.

Moreover, if we implement our algorithm but with no
coding(no redundancy (i.e., local functions f;) where we have
|1 Bll2,00 = 1 and [|Afit|2,00 = %’ we are still able to achieve
a better convergence rate than DGD although our updating
matrix can be of a larger size (4n rather than n). We can
reach that by suitably choosing the updating matrix O so that

. . . . 1
its limit P has a value of || P2, as close as possible as T

VII.
The purpose of this simulation is to examine the conver-
gence rate of our proposed algorithm for different network
topologies. Two types of performance metrics are used given
by
Estimation Error := ||* — x;(k)||

SIMULATION RESULTS

Consecutive Error = ||x;(k+ 1) — z; (k)|
In Fig. 1 we compare CDGD with the conventional incre-
mental gradient descent on a distributed network with n = 21

nodes, where the step size is ay, = — L1 The estimation
(k+10000)Z ]
error of our approach decreases significantly in comparison

with the other algorithm. Specifically, after a slight bump
increase in the estimation error due to large nonadaptive step
sizes «y for the initial hundred iterates (1 < k < 100),
the algorithm error decreases significantly. This shows that
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our method achieves a better convergence rate. Moreover, the
consecutive error of our method decreases gradually.

CDGD consecutive error
=== CDGD estimation error
1m+miincremental gradient descent consecutive error
= = mincremental gradient descent estimation error

Error
o

10° 10°

10° 10°
Number of iterations (k)

Fig. 1. Estimation and consecutive errors vs iteration of CDGD for a 21-node
decentralized network.

In Fig. 2 we compare the convergence rate of CDGD to the
incremental gradient descent on a n = 7 node network with

the step size o, = ——~——. From the plot we can verify
(k+100000) 2

the closeness of our algorithm to the expected rate at this step
size taking into consideration the scaling factor. As shown in
the figure the consecutive error of the incremental gradient
descent is the most decreasing, while its estimation error is
the least. However, the closeness of the consecutive error to
the estimation error for our method verifies the use of this first
error as an indicator measure to reaching the exact solution.
Moreover, our algorithm has a better convergence rate, which
is apparent in the figure.

CDGD consecutive error
=== CDGD estimation error
:_ mimiincremental gradient descent consecutive error
i‘ 1inincremental gradient descent estimation error
.
v,

Error

A,
rag
airep,
P, AL,
"reng,
I

"raagy,

.

. . . vy,
0 2000 2000 000 3000 10000 72000
Number of iterations (k)

Fig. 2. Estimation and consecutive errors vs iteration of CDGD for a 7-node
decentralized network.

VIII. CONCLUSION

We presented in this paper a distributed decentralized algo-
rithm for minimizing convex functions using coded local gra-
dients referred to as Code-Based Distributed Gradient Descent
(CDGD). Each type of network topology is identified with a
corresponding coding scheme that adapts the coded gradients
in an attempt to enhance the convergence rate. A proof for the
convergence of this algorithm was provided that relies implic-
itly on the structure of the updating matrix. In implementing
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such approach, we matched the convergence rates of O(%)

in compliance with the uncoded incremental gradient methods
[6, 11]. However, by adapting a convenient coding scheme
we enhanced our convergence rate over conventional methods.
This was achieved by affecting the constant scaling factor
without using any predefined tuning. Detailed analysis of this
work will be presented in an upcoming publication, where the
more relaxed assumption of requiring only the global function
f to be convex is used as mentioned earlier.

REFERENCES

[1] Bedi, A. S. and K. Rajawat (2018). Asynchronous incremental
stochastic dual descent algorithm for network resource allocation.
IEEE Transactions on Signal Processing 66(9), 2229-2244.

[2] Bertsekas, D. P. (2011). Incremental gradient, subgradient, and
proximal methods for convex optimization: A survey. Optimization
for Machine Learning 2010(1-38), 3.

[3] Cai, K. and H. Ishii (2012). Average consensus on general
strongly connected digraphs. Automatica 48(11), 2750-2761.

[4] Dean, J., G. Corrado, R. Monga, K. Chen, M. Devin, M. Mao,
A. Senior, P. Tucker, K. Yang, Q. V. Le, et al. (2012). Large
scale distributed deep networks. In Advances in neural information
processing systems, pp. 1223-1231.

[5] Fu, D., L. Han, L. Liu, Q. Gao, and Z. Feng (2015). An efficient
centralized algorithm for connected dominating set on wireless
networks. Procedia Computer Science 56, 162-167.

[6] GURBUZBALABAN, M., A. OZDAGLAR, and P. PARRILO
(2015). Convergence rate of incremental gradient and incremental
newton methods. arXiv preprint arXiv:1510.08562.

[7] Halbawi, W., N. Azizan-Ruhi, F. Salehi, and B. Hassibi (2017).
Improving distributed gradient descent using reed-solomon codes.
arXiv preprint arXiv:1706.05436.

[8] Ho, Q., J. Cipar, H. Cui, S. Lee, J. K. Kim, P. B. Gibbons,
G. A. Gibson, G. Ganger, and E. P. Xing (2013). More effective
distributed ml via a stale synchronous parallel parameter server.
In Advances in neural information processing systems, pp. 1223—
1231.

[9] Johansson, B. (2008). On distributed optimization in networked
systems. Ph. D. thesis, KTH.

[10] Li, M., D. G. Andersen, A. J. Smola, and K. Yu (2014).
Communication efficient distributed machine learning with the
parameter server. In Advances in Neural Information Processing
Systems, pp. 19-27.

[11] Nedié¢, A. and D. Bertsekas (2001). Convergence rate of
incremental subgradient algorithms. In Stochastic optimization:
algorithms and applications, pp. 223-264. Springer.

[12] Nedic, A. and A. Ozdaglar (2009). Distributed subgradient
methods for multi-agent optimization. [EEE Transactions on
Automatic Control 54(1), 48-61.

[13] Nedic, A., A. Ozdaglar, and P. A. Parrilo (2010). Constrained
consensus and optimization in multi-agent networks. IEEE Trans-
actions on Automatic Control 55(4), 922-938.

[14] Raviv, N., I. Tamo, R. Tandon, and A. G. Dimakis (2017).
Gradient coding from cyclic mds codes and expander graphs.
arXiv preprint arXiv:1707.03858.

[15] Seyranian, A. P. and A. A. Mailybaev (2003). Multiparameter
stability theory with mechanical applications, Volume 13. World
Scientific.

[16] Stewart, G. W. (1990). Matrix perturbation theory.

[17] Tandon, R., Q. Lei, A. G. Dimakis, and N. Karampatziakis
(2016). Gradient coding. arXiv preprint arXiv:1612.03301.

[18] Xi, C., Q. Wu, and U. A. Khan (2017). On the distributed
optimization over directed networks. Neurocomputing 267, 508—
515.



