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Abstract—In this paper, we consider the problem of direction-
of-arrival (DoA) estimation using electronically steerable para-
sitic array radiator (ESPAR) antenna based on compressive sens-
ing. For an ESPAR antenna, the beampatterns and sparse model
of DoA estimation problem in terms of overcomplete dictionary
and sampling grid is presented. The DoA estimation problem
is formulated as a mixed-norm �2,1 minimization problem and
the reactance domain multiple signal classification (RD-MUSIC)
spatial spectrum for ESPAR antenna is introduced. Then, we
propose reweighted greedy block coordinate descent (RW-GBCD)
and reweighted �2,1-SVD (RW-�2,1-SVD) algorithms for DOA
estimation using ESPAR. The performance of RW-GBCD for
DoA estimation is compared to that of GBCD, �2,1-SVD and
RD-MUSIC algorithms. RW-GBCD benefits from less computa-
tional complexity compared to RW-�2,1-SVD. Simulation results
demonstrate that the performance of RW-GBCD is better than
that of GBCD and �2,1-SVD. When angle separation is less than
10°, RW-�2,1-SVD outperforms RW-GBCD. However, when angle
separation is more than 10°, the performance of RW-GBCD in
terms of root mean square error (RMSE) is approximately the
same as that of RW-�2,1-SVD.

Index Terms—Compressive sensing, direction-of-arrival (DoA),
electronically steerable parasitic array radiator (ESPAR),
reweighted greedy block coordinate descent (RW-GBCD)

I. INTRODUCTION

Direction-of-arrival (DoA) estimation has been an active
research in many fields such as array signal processing, radar,
sonar, acoustic and mobile communications. The most popu-
lar DoA estimation methods include Beamforming, MUSIC,
Capon and ESPRIT [1]. However, the performance of these
methods are limited in low SNR or when the sources are
placed close to each other.

Since the signal impinging on an antenna array is sparse
in the spatial domain, it is possible to employ compressive
sensing (CS) for DoA estimation [2]. [3] exploits the sparsity
of spatial spectrum of source signals and addresses the prob-
lem of source localization for a uniform linear array based
on sparse signal recovery. Exploiting �0 minimization for
sparse signal recovery is a complicated combinatorial search
problem [4]. The �1 approximation is a practical alternative
for �0 minimization. The DoA estimation problem is cast
to a multiple measurement vector (MMV) problem and �1-
SVD is utilized to recover signal. This MMV problem is
solved in [5] using joint �0 approximation algorithm which
essentially is a mixed �2,0 approximation approach. Authors
in [6] and [7] used MUSIC and Capon spectrum, respectively,

to design a weighted �2,1 norm penalty to enhance the recovery
performance.

We consider the problem of DoA estimation using elec-
tronically steerable parasitic array radiator (ESPAR) antenna
which is a reconfigurable antenna utilized for communication
purposes [8]. The ESPAR is a circular array comprised of
one active element and M parasitic elements. The parasitic
elements are short-circuited and loaded by M variable re-
actors. The ESPAR has gained great attention since it has
a single-port output and as a result, the number of phase
shifters is reduced significantly. Hence, ESPAR has a simple
hardware, is low cost and power efficient. In ESPAR, the
parasitic elements are highly coupled to the active element,
which requires the element spacing to be small [9]. Therefore,
ESPAR has a compact form and it is suitable for mobile user
terminals. Signal processing for ESPAR is generally performed
in reactance domain instead of element domain [10]. In [10]
and [11], authors introduced reactance-domain (RD) MUSIC
algorithm for ESPAR antenna and in [12] �1-SVD is used for
CS recovery and DoA estimation.

In this paper, we propose two new algorithms, namely
iterative reweighted greedy block coordinate descent (RW-
GBCD) and reweighted �2,1-SVD (RW-�2,1-SVD) for DoA
estimation using ESPAR and compare their performance to
that of GBCD and �2,1-SVD algorithms. The weighted GBCD
algorithm with MUSIC prior was originally introduced in [13].
This algorithm provides faster convergence rate compared to
�2,1 norm minimization [13]. We solve GBCD iteratively using
the reweighted algorithm to estimate the DoA. Simulation
results show that this new method enhances the performance
of GBCD and �2,1-SVD algorithms.

Notation: vec(·) represents the vectorization operator, IM

is an M ×M identity matrix, (·)T and (·)H are transpose and
conjugate transpose operators, respectively. diag{x1, ..., xM}
is a matrix whose diagonal elements are x1, ..., xM and off-
diagonal elements are zero and ‖ · ‖p denotes �p norm.

II. SYSTEM MODEL

We consider an (M+1)-element ESPAR as receiver antenna
for DoA estimation. The ESPAR is a circular array comprised
of one active element (central element) and M parasitic
elements symmetrically surrounding the active element and the
radius of array is r < λ/2, where λ is the carrier wavelength.
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The active element is connected to the single RF chain, while
M parasitic elements (which are mutually coupled to the
active element) are short-circuited and loaded by M variable
reactors (varactors). The reactive loads of parasitic elements
are denoted by vector x = [x1, ..., xM ]. Using ESPAR, we can
consider a transformation from element-space to beam-space,
i.e., we can design the ESPAR beampatterns to divide angular
space into M sectors by adjusting reactive loads. For designing
the beampatterns, we optimize the reactive loads to maximize
the beam gain in a look direction (for example 0°) to obtain
the 1st beam [14] and we denote it by vector x1. Then, as a
result of symmetrical antenna structure, circularly shifting the
elements of x1 yields rotated beam to another look direction.
With this method, we can obtain a total of M beampatterns.
The m-th beampattern for the m-th sector in azimuth plane is
expressed as [9]:

Bm(θ) = ωT
ma(θ) (1)

where a(θ) = [1, e−j2π r

λ
cos(θ−φ1), ..., e−j2π r

λ
cos(θ−φM )]T is

(M + 1)-dimensional steering vector of ESPAR antenna,
φm = 2π(m − 1)/M is the angular position of the m-
th parasitic elements and ωm = (Z + Xm)−1u is the
equivalent weight vector for the m-th beampattern [9]. Z is
the mutual impedance matrix between elements of ESPAR,
u = [1, 0, ..., 0]T is the (M + 1)-dimensional selection vector
and Xm is a diagonal matrix to form the m-th beam, given
by

Xm = diag[Zs jxm] (2)

where Zs is the impedance of the active element and vector
xm ∈ R

M contains reactive loads for m-th beampattern. We
note that ‖ωm‖2,∀m are equal. Fig. 1 depicts the beampat-
terns for a 7-element ESPAR antenna when r = λ/4.

Assume K(K ≤ M) narrowband signals sk(t) for k ∈
{1, ...,K} from the DoAs θk in farfield are impinging on
ESPAR. By transforming signals from element-space to beam-
space, we can sample signals via different directional beam-
paterns rather than different elements. We assume that the
directions of the K source signals are unchanged during
sampling. Applying a set of reactance loads x1, the cor-
responding measurement y1(t) will be obtained. Then, by
circularly shifting elements of x1, we get x2 and obtain the
measurement y2(t). By repeating this process M times, we can
have M measurements. Then, the measurements at time t are
written in a vector y(t) = [y1(t), y2(t), ..., yM (t)]T , where the
m-th measurement is obtained by using the m-th beampattern
and can be written as

ym(t) =

K∑
k=1

ωT
ma(θk)sk(t) + nm(t) = ωT

mAs(t) + nm(t)

(3)
where A = [a(θ1),a(θ2), ...,a(θK)] is the array manifold ma-
trix, s(t) = [s1(t), s2(t), ..., sK(t)]

T and nm(t) ∼ CN(0, σ2
n)

is the additive noise with zero mean and variance σ2
n. We

assume that noises received at different beampatterns are
uncorrelated to each other and uncorrelated to the signals. As-
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Fig. 1: Beampatterns of a 7-element ESPAR

suming we have Ns samples of received signal, the observation
vector can be written as

y(t) = WAs(t) + n(t), for t = t1, ..., tNs
(4)

where n(t) is the additive noise vector and W =
[ω1,ω2, ...,ωM ]

T is the projection matrix from element-space
to beam-space. Also, W can be considered as mutual coupling
matrix (MCM) introduced in [15]. Each row of W is the
equivalent weight vector defining one directional beampattern.
Then, the covariance matrix of the received signal is given by

Ry = E
{
y(t)yH(t)

}
= BRsB

H + σ2
nIM (5)

where B = WA and Rs is the diagonal matrix with signals’
powers. We stack the Ns measurement vectors and form an
(M ×Ns)-dimensional received signal as

Y = BS +N (6)

where Y = [y(t1), ...,y(tNs
)] and S and N can be defined

similarly.

III. DOA ESTIMATION

A. Sparse Signal Representation and Problem Statement

We partition the whole azimuth plane into Nθ sampling
grids denoted as θ̃ =

[
θ̃1, θ̃2, ..., θ̃Nθ

]
where Nθ � K

and Nθ � M . θ̃ is the set of all potential DoAs and
the overcomplete dictionary is thus constructed as Ã =[
a(θ̃1),a(θ̃2), ...,a(θ̃Nθ

)
]
. The jointly sparse signal is an

Nθ ×Ns matrix S̃, whose i-th row s̃i is nonzero and equal to
the k-th source signal sk, when θ̃i = θk (sk is the k-th row
of S) . The true support of S̃ is Ω =

{
i | ‖s̃i‖2 �= 0

}
. Then,

the jointly sparse model and the MMV problem is given by

Y = WÃS̃ +N . (7)

In order to reduce both the dimension of Y and sensitivity
to noise, we use singular value decomposition (SVD) as

Y = ULV H , (8)

where matrices U and V contain eigenvectors of Y HY

and Y Y H , respectively, L is a diagonal matrix containing
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singular values of Y and diagonal elements of LLH/Ns are
eigenvalues of sample covariance matrix R̂y = Y Y H/Ns.
Let Y = Y V DK , S = S̃V DK and N = NV DK where
DK = [IK 0

H ] and 0 is a K × (Ns −K) matrix of zeros.
Thus, we have

Y = B̃S +N (9)

where B̃ = WÃ. Applying SVD does not change the row
support of S and S is jointly sparse too. For single measure-
ment vector (SMV) problems, �0 norm minimization gives the
best solution [2]. However, due to its complexity, �1 relaxation
can be used. In the MMV case, the �1 norm minimization is
replaced by mixed-norm �2,1 norm minimization defined as

min ‖S‖2,1 s.t. ‖Y − B̃S‖2F ≤ ε2 (10)

where ‖S‖2,1 =
∑Nθ

i=1 ‖s
i‖2 and si denotes i-th row of S. We

choose ε high enough so that the probability of ε2 ≤ ‖N‖2F
is small. Defining an Nθ × 1 vector s(l2) as

s(l2) =
[
‖s1‖2, ..., ‖s

Nθ‖2
]T

(11)

we can write ‖S‖2,1 = ‖s(l2)‖1. Finally, the sparse signal can
be obtained by minimizing the objective function

F (S) =
1

2
‖Y − B̃S‖2F + ζ‖s(l2)‖1 (12)

where the parameter ζ controls the trade-off between the
residual norm and the sparsity of the signal. A theoretical
guidance for choosing an appropriate ζ is presented in [7]
and [13]. This problem can be solved using second order cone
programming (SOCP), instead of nonlinear optimization, since
SOCP has efficient numerical solution. Finally, the normalized
spatial spectrum is

P (θi) =
|si(l2)|

2

max
{
|si(l2)|

2
} , for i = 1, 2, ..., Nθ (13)

where si(l2) is the i-th row of vector s(l2) and the K-largest
values of P (θi) represent the estimates of DoAs.

The �0 and �1 norms of a vector are equal when the absolute
value of every element is either 0 or 1. In other words, �1 norm
depends on magnitude of vector’s elements which may cause
performance degrading. If we can somehow scale the non-
zero elements, then �0 and �1 can get close and CS recovery
performance will be better. Thus, our goal is finding weighting
coefficients γi so that ‖Γs(l2)‖1 get close to ‖s(l2)‖0, where
Γ = diag{γ1, ..., γNθ

}.
In [16], an iterative reweighted �1 algorithm is introduced

in which large weights are appointed to those elements of
vector s(l2) whose indices are more likely to be outside
of the support. We use a modified version of the method
introduced in [16] and propose reweighted �2,1-SVD (RW-
�2,1-SVD) method. In this method, we use reactance-domain
MUSIC algorithm to form the first weighting vector γ(1) =

[γ
(1)
1 , ..., γ

(1)
Nθ

] as follows.
Applying eigenvalue decomposition, the covariance Ry can

be written as Ry =
∑M

i=1 ηieie
H
i , where ei is eigenvector

corresponding to eigenvalue ηi. Let Λs = [e1, ..., eK ] and
Λn = [eK+1, ..., eM ] represent signal and noise subspaces,

respectively. Since signal and noise subspaces are orthogonal,
we can write Λ

H
n B̃Ω = 0, where B̃Ω is true manifold matrix,

i.e., B̃Ω = B. Then, the MUSIC spatial spectrum for the
ESPAR antenna is given by

PM (θi) =
1

‖ΛH
n b̃i‖22

, for i = 1, 2, ..., Nθ (14)

where b̃i is the i-th column of B̃. The K-largest values of
MUSIC spectrum are estimates of DoAs θk, k ∈ {1, ...,K}
using MUSIC algorithm. Since PM (θi) � PM (θj), ∀i ∈ Ω
and ∀j ∈ Ωc, by choosing the elements of weighing vector
for first iteration as γ

(1)
i = ‖ΛH

n b̃i‖2, the elements of signal
vector whose index are outside of true support Ω are penalized
by a larger weight. Next, for τ -th (2 ≤ τ ≤ τmax) iteration
of RW-�2,1-SVD algorithm, we set

γ
(τ)
i =

1

s
(τ−1),i
(l2)

+ δ
, for τ = 2, ..., τmax and i = 1, ..., Nθ

(15)
where s

(τ)
(l2)

is the solution of optimization problem 1
2‖Y −

B̃S‖2F + ζ‖Γ(τ)s
(τ)
(l2)

‖1 for iteration τ , s
(τ),i
(l2)

is then i-th

element of vector s(τ)(l2)
, Γ(τ) = diag{γ

(τ)
1 , ..., γ

(τ)
Nθ

} and δ > 0
is a small number.

B. Reweighted Greedy Block Coordinate Descent Algorithm

In this section we propose the reweighted greedy block
coordinate descent (RW-GBCD) algorithm for DoA estimation
using ESPAR antenna. The standard block coordinate descent
(BCD) algorithm is an iterative algorithm which builds a
quadratic approximation for G(S) = 1

2‖Y − B̃S‖2F . Then,
the approximation of objective function F (S) for iteration
j ∈ {1, ..., jmax} is written as [13]

Fa(S) = G
(
S(j)

)
+ vec

(
∇G

(
S(j)

))H
vec

(
S − S(j)

)
+

1

2β
‖S − S(j))‖2F + ζ‖S‖2,1

=

M∑
i=1

{
1

2β
‖si − pi‖22 + ζ‖si‖2

}
+ c(j) (16)

where ∇G
(
S(j)

)
=B̃

H
(
B̃S(j)−Y

)
and c(j)= G

(
S(j)

)
−

β
2 ‖∇G

(
S(j)

)
‖2F . Vectors si and pi are the i-th row of S

and P (j), respectively, where P (j) = S(j) − β∇G
(
S(j)

)
and β = 1/‖b̃i‖

2
2. The BCD algorithm minimizes (16) to

update S(j + 1). Optimization problem (16) is separable and
the solution to the i-th sub-problem, i = 1, ..., Nθ , is

si(j + 1) =
pi(j)

‖pi(j)‖2
max

(
0, ‖pi(j)‖2 − ζβ

)
. (17)

In contrast to the BCD, in the τ -th iteration of RW-GBCD
algorithm only the block that yields the greatest descent
distance Δdi = ‖si(j + 1) − si(j)‖2/γ

(τ)
i will be updated.

Suppose i0-th block yields the greatest Δdi, i.e.,

i0 = arg max
i

{Δdi} (18)

Then, we only update si0(j+1) using (17), while si(j+1) =
si(j), i �= i0. The RW-GBCD algorithm is summarized in
Algorithm 1.
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Algorithm 1: Proposed RW-GBCD algorithm

for τ = 1, ..., τmax do
1: if τ = 1 then

γ
(1)
i = ‖ΛH

n b̃i‖2
else

γ
(τ)
i = 1/

(
s
(τ−1),i
(l2)

+ δ
)

end
2: set S(0) = 0

3: for j = 1, ..., jmax do
3-1: Q ← S(k − 1)

3-2: P = Q− βB̃
H
(
B̃Z − Y

)
3-3: for i = 1 : Nθ do

si(j) = p
i

‖pi‖2
max

(
0, ‖pi‖2 − ζβ

)
Δdi =

1

γ
(τ)
i

‖si(j)− qi‖2

end
3-4: i0 = arg max {Δdi}
3-5: S(j) ← [q1; ...; qi0−1; si0(j); qi0+1; ...; qNθ ]

end
4: s(τ)(l2)

← �2 norm of rows of S(jmax)

end

IV. NUMERICAL RESULTS

In this section, we numerically evaluate the perfor-
mance of RW-GBCD and RW-�2,1-SVD algorithms. The
ESPAR antenna has 7 elements, the radius is r = λ/4
and the reactance load for first beampattern is x1 =
[31.2, 57.03,−67.55,−67.55, 57.03, 31.2]. Suppose two nar-
rowband uncorrelated sources located at DoAs θ = [−10°, 5°]
in farfield, the sources transmit signal with unit power and
noise variance is σ2

n = 0.01. We divide azimuth plane into
Nθ = 1800 grids with 0.1° resolution and the ESPAR gathers
Ns = 400 samples. The RW-�2,1-SVD is solved by CVX
toolbox [17]. In our simulations, δ = 0.1, ζ = 3 and τmax = 3.

In Fig. 2 the normalized spatial spectrum of RD-MUSIC,
GBCD and �2,1-SVD are shown. The recovered signal by
GBCD algorithm has only few nonzero rows (support) and
its spatial spectrum is not continuous. The 2-largest values of
spatial spectrum for RD-MUSIC, GBCD and �2,1-SVD are lo-
cated at directions [4.9°, 5°], [−1.2°,−1.1°] and [−27°, 1.9°],
respectively. Also, there is a large peak (spike) at direction
90° for GBCD and �2,1-SVD. It can be seen that RD-MUSIC,
GBCD and �2,1-SVD cannot estimate the DoAs exactly.

The spatial spectrum for first iteration of proposed
reweighted algorithms is shown in Fig. 3. The 2-largest
values of spatial spectrum for first iteration of RW-GBCD
and RW-�2,1-SVD are located at directions [4.8°, 4.9°] and
[−10.5°, 4.8°], respectively. These curves are zoomed in Fig. 4.
It can be seen from Fig. 4 that nonzero elements of recovered
signal by RW-GBCD are gathered around the true DoAs.
Moreover, the large spike in 90° has been removed. In
Fig. 5, the spatial spectrum for last (third) iteration is shown.
The DoA estimate using RW-GBCD and RW-�2,1-SVD are
[−10.9°, 4.9°] and [−10.5°, 4.8°], respectively. We can see
that in the third iteration, only two nonzero row (support) of
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Fig. 2: Normalized spatial spectrum of RD-MUSIC, GBCD and �2,1-SVD.
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Fig. 3: Normalized spatial spectrum of RD-MUSIC, RW-GBCD and RW-�2,1-
SVD for first iteration.
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Fig. 4: Normalized spatial spectrum of RD-MUSIC, RW-GBCD and RW-�2,1-
SVD for first iteration.

recovered signal using RW-GBCD is maintained. To compare
the accuracy of RW-GBCD and RW-�2,1-SVD, the root mean
square error (RMSE) defined as

RMSE =

√√√√√Nmont∑
n=1

K∑
k=1

(
θ̃k(n)− θk

)2

KNmont

(19)

versus angle separation Δθ for Nmont = 500, when sources
are located at DoAs [−10, 5 + Δθ] is shown in Fig. 6. It
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can be seen that for Δθ < 10°, RW-�2,1-SVD outperforms
RW-GBCD. However, for Δθ > 10°, two methods have
approximately the same value of RMSE.

V. CONCLUSION

In this paper, we proposed the RW-GBCD and RW-�2,1-
SVD algorithms for DOA estimation using ESPAR antennas.
We presented the beampatterns and sparse model of DoA
estimation problem in terms of overcomplete dictionary and
sampling grid. We formulated the DoA estimation problem
as a mixed-norm �2,1 minimization problem and introduced
the RD-MUSIC algorithm. RW-GBCD benefits from less
computational complexity compared to RW-�2,1-SVD. Our
simulation results showed that the performance of RW-GBCD
is better than that of GBCD and �2,1-SVD. When Δθ is less
than 10°, RW-�2,1-SVD outperforms RW-GBCD. However, for
Δθ ≥ 10°, the performance of RW-GBCD in terms of RMSE
is approximately the same as that of RW-�2,1-SVD.
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